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AN ANALYSIS OF TIE! EZRORS I N  POSITION GIVEN BY 

AN ONBOARD LUNAR NAVIGATION SYSTEM USING 
OBSERVATIONS OF CELESTIAL BODIES 

By BenjaYnine J. Garland 

SUMMARY 

A system of navigation i n  the  earth-moon system using observations 
of t he  earth, t he  moon, and two stars have been considered and the  
e f f ec t s  of errors  i n  the  observations on the  measured posit ion evalu- 
ated.  The analysis indicated t h a t  t he  largest e r ror  i n  t h e  measured 
posit ion resul ted from er rors  i n  the measurement of t he  included angle 
of the  ear th  and t h e  moon. I n  e r rors  i n  angle measurement of 10 seconds 
of arc, there  i s  a region between the  ear th  and the moon i n  which the  
navigation system i s  not effect ive because of the large e r rors  i n  the  
measured position. Any improvements ii? the accuracy of other q%nti t ies  
involved w i l l  be of l i t t l e  benefi t  unless t he  e r ro r  i n  the measukement 
of t he  included angle can be reduced t o  approximately 1 second of arc.  

INTRODUCTION 

The problem of navigation i n  space has been considered by various 
authors. Some of t he  techniques which have been considered are earth- 
based radar tracking ( r e f .  l), t he  measu-ement of solar radiat ion 
( r e f .  2),  the detection of differences i n  gravi ty  (ref 
observation of t h e  posit ion of c e l e s t i a l  bodies (refs.  1, 4, 3, and 6 ) .  
I n  Apollo, there  i s  a requirement f o r  an onboard navigation system which 
i s  completely independent of ground observations. The earth-based radar 
tracking i s  not considered f o r  t h i s  reason. The second and t h i r d  tech- 
niques are  of questionable value. The so la r  radiat ion var ies  i n  inten- 
s i t y  with time and i s  not known well enough t o  be used t o  f ind  posit ion.  
The detection of differences i n  gravity would require de l ica te  instrumen- 
t a t i o n  even i f  the gravity fields of the  ea r th  and moon were w e l l  known. 

3 ) ,  and t h e  

The technique of navigation using the  observed posit ions of celes- 
t i a l  bodies i s  discussed i n  t h i s  paper. These observations may be used 
i n  connection w i t h  an i n e r t i a l  platform i n  the  vehicle or t he  observations 
may be used alone. The i n e r t i a l  platform i s  used t o  es tabl ish a reference 
coordinate system. If  the i n e r t i a l  platform i s  used, it i s  necessary t o  
observe -two bodies, but i f  the  observations alone are used, it i s  neces- 
sary to observe four bodies. A t  any point, each system actual ly  observes 
one hod-y more than i s  ngcessary, but, this body i s  used as a check on the 
posit ion 
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In this study the use of the inertial 
The four bodies which are observed are the 
stars. The two stars are used to locate a 

platform is not considered. 
earth, the moon, and two 
reference set of axes in 

the body so that the observations clf the earth and moon may be easily 
used. 
of each of the four bodies in a. set of axes fixed in the vehicle, the 
included angle of the earth, and the included angle of the moon. The 
last two quantities give the distance between the vehicle and the 
earth and the distance between the vehicle and the moon. 

The quantities which are measured are the azimuth and elevation 

The errors which occur in the determination of the position of  
-the vehicle are of as much interest as the actual technique used. 
In either system all the possible er rors  must be considered. 
inertial platform is used the possible errors in the alinement of the 
platrorm must be considered as well as errors in the celestial 
observations - 

I f  the 

LIST OF SYMBOLS 

a the azimuth of a body in the axes fixed in the vehicle 
(X',Y',Z') 

D the distance between the centers of the earth and the moon 
d 

d the distance between t h e  vehicle and. [.he center of the 
earth o r  the moon 

e the elevation of a body in the axes fixed in the vehicle 
( X ' , Y ' , Z ' )  

i the inclination of the plane determined by the earth, the 
mwn, and the vehicle and the plane of the moon's orbit 

- - -  
i J  j, 1: unit s-ctors in the x, y, z system 
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the vector product of El and g2, (that is, g1 >e g2) 

a rotating set of axes located at the center of the earth 
as defined in figure 1 

a set of axes located at the vehicle and always parallel 
to the XYZ system 

a set of axes fixed in the vehicle and having a general 
orientation 

direction cosines in the x'y'z' set of axes 

the included angle of either the earth or  the moon 

the angle between the earth-moon axis (X axis) and the line 
connecting the vehicle to the center of the earth or the 
center of the moon 

the angle between the z a i . s  and the line connecting the 
vehicle to the center of the maon 

the angle between the z axis and the line connecting the 
vehicle to the center of the earth 

the angle between the lines connecting the vehicle to the 
center of the earth and the center of the moon 

the angle between the vector 8, and the x, yr or  z axis 

the angle between the vector s2 and the x, 'y, or z axis 

the angle between the vector 3 and the x, y, or z axis 3 

SUBSCRIPTS 

E earth 

M moon 

x, y7 z refer to tlie x, y, z axes 

1, P J  3 
- - - 
3 refer to the vectors  S19 S2> S 
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ANALYSIS 

Analysis of Posi t  ion Det emninat ion 

The vehicle operates i n  the three-dimensional space around the  
ear th  and moon. 
f igure 1. 

The coordinate system which i s  used i s  shown i n  

The main s e t  of axes i s  the  XYZ system which i s  located so t h a t  
the or ig in  i s  at  the  earth,  the  X axis passes through the  moon, the  
Y axis  i s  posi t ive i n  the  direct ion of the veloci ty  of the  moon and 
the  Z axis  follows f romthe  right-hand rule. The secondary set of' 
axes (x, y, z) 
t o  the XYZ axes. 

has i t s  or igin at the vehicle and remains p a r a l l e l  

The navigation system requires tha t  four bodies be observed. 
These bodies a re  the  earth,  the  moan and two stars. 
measurements must be made i n  order t o  locate  the vehicle. These 
measurements are: 

Six individual 

1-4 the  azimuth and elevation. of each of the bodies i n  the 
vehicle 's  body axes. 

3 the  included angle of the earth, and 

6 the  included angle of the  moon. 

The body axes a re  shown i n  f igure 2 .  

The azimuth of the line-of-sight i s  a and the  elevation i s  5 
The d i r ec t  cosines of the  line-of-sight to-the body are 

i 1 i 1 cos a = cos a. cos e 

[In f igure 2 
of the two stars 
i n  the body axes 

cos pi = s i n  a cos ei 1 
cos y = s i n  e 

i 

i i J- 
he other axes a re  i n  f a c t  shown. The locat ion , 

a: 3 used t o  determine the direct ion of the z axis 
( x T 3 y ' , z ' ) .  The method of determining t h i s  i s  

discussed in a,ppendi;: A so thab only the  general considerations w i l l  
be mentioned here. It i s  assumed t h a t  the  distances involved i n  the 
f l i g h t  are such t h a t  the l ine-of-sight t o  each of the  stars i s  always 
pa ra l l e l  t o  the l ine-of-sight located at the  or ig in  of the  
system. 

XYZ 
Since the  XYZ system i s  not f ixed i n  space, but rotates ,  

* 



the locat ion of the star i n  this  
var ia t ion i s  known as a function 
determine the  or ieptat ion of the 

When the or ientat ion of the 
been determined, the geometry of 
f igure 3.  

syetem yaries with time, but th i s  
of time. The same scheme i s  used t u  
x and y axes. 

z axis  i n  the x l y l z l  system has 
the problem becomes that shown i n  

The angles v, A, and @ a r e  given by the equations: 

Cos V = COS CLE cos a, + kos PE cos pz f cos YE cos yz 

cos h = cos u.$j cas a, + cos pM cos pz + cos 'YM cos yz ( 2 )  

C O S  @ = COS aE COS % + COS PE Cos PrJr $. COS YE COS yM 

"he distance from the ea r th  (dE) and the distance from the moon 

(%) are determined using the known r&i.i of the ear th  and moon and 

the i r  included angle. 
and % a r e  discussed i n  appendix B, 

The equations f o r  t h i s  and the  e r rurs  in &E 

With the information which , i s  now known, it is  possible t o  loca te  
t h e  vehicle in the  XYZ syatem. Figure 
ing equations : 

X = % cos BE 

Y = % s i n  BE 

z = -% cos Y 

When the values of COS BE, s i n  BE 

from appendix C, these equations become: 

dE2S i l l55  

I3 X =  

4 is  used t o  obtain the follow- 

cos i 

J 

and cos i a r e  subs t i tu ted  

z = "% cos v 



The corresponding equations based on %, @ and h are:  
1 

Analysis of Errors i n  Posit ion 

Equations (4) and ( 5 )  give the posi t ion of the  vehicle obtained 
from two separate s e t s  of data. 
measured posi t ion a r e  of more i n t e r e s t  than the posi t ion of the 
vehicle. 
series, which i s  equivalent t o  assuming t h a t  the e r rors  i n  posi t ion a r e  
. l inear  functions of e r ro r s  i n  the measured quant i t ies .  The e r rors  i n  
X, Y, and Z based on %, D, lij and v a re :  

In  an i n i t i a l  study, the e r rors  i n  the 

These e r rors  a r e  found using the first two te rns  of a Taylor’s 

1 

It w a s  shown i n  appendix B tha t :  
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Inspection of equations (4)  show that :  

so t h a t  now equations (6) become: 

These equations have meaning only f o r  an individual case, but the 
general r e su l t s  may be found by a s t a t i s t i c a l  method. 
e):pi-pssioiis for the  root-mean-square values of AX, E, and AZ , are:  

Then the 



The corresponding equations f o r  the information based on $, @, 

D and A are: 

1 

-I 

a re  developed and - %I ad, a% 3 
8%' aRM' as, 

The p a r t i a l  derivatives - 
i n  appendix B and the remaining p a r t i a l  derivatives a re  developed i n  
appendix D. 

If the known er rors  (ARE, AV,? 4 ,  AD? A@, Ay and 
Ah) 
deviz' 'WS, the f i n a l  errors (AX, AY and &) w i l l  a l so  be three 
standal- ' IWriation values. 

used i n  equations ( 9 )  and (10) a r e  given i n  terms of three standard 



RESULTS AND DISCUSSION 9 

The errors in position were found along a portion of the reference 
trajectory which occurred entirely in the earth-moon plane as shown in 
figure 5. The errors in the measured position were based on errors in 
the astronomical constants and in the measured angles which were con- 
sidered to be realistic. The errors in the astronomical constants are 
given in reference 7. The errors which were used are listed below. 

Quantity 

Radius of earth 
Radius of moon 

Error 

kO.l mile 
kO.1 mile 

Distance between earth and moon 

Measured angles 10 seconds of arc 
kl .0 mile 

The errors in the X, Y and Z resulting from each method are 
presented in figure 6. 
and 6 are small when the time is small (i. e., % is small) and 
increases as the time increases (i.e., d~,: increases). The errors 

when the position is based on % and 
with time and is large when the time is small (i.e., 

decreases as the time increases (i.e., % decreases). The errors 
are of the same order at 45 hours after insertion which is approximately 
one-half the time required to reach the moon. The results of one 
additional trajectory which are not presented show that the errors are 
of the same order at approximately one-half the time required to reach 
the moon. The largest errors in position which may be expected due to 
the error in measurements are: 

The errors when the position is based on % 

@ follows the opposite trend 
% is large) and 

AX = 280 statute miles 
AY = 200 statute miles 
4 Z  = 9 statut,e miles 

The errors in the measured position may become sufficiently large so that 
any corrections to the trajectory which were based upon this measured 
position might not decrease the errOr in the final position significantly. 
If this occurs there is a region between the earth and the moon in which 
the navigation system is not effective. 

The relative importance of the errors in the astronomical constants 
and measured angles are given in the following table. 
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The time is 45 hours after insertion. 

It is seen that the error in position caused by the error in the 
included angle'of the earth and the moon is at least one order of 
magnitude greater than any other error. 
other times also. 
accuracy of the other quantities unless the error in the measured 
included angle of the earth and the moon can be reduced to approximately 
1 second of arc. 

This same relation is true at 
Therefore, it would be of little use to improve the 

It is possible to determine the position of the vehfcle in the earth- 
moon system by observing the earth, the moon, and two stars. The position 
is given by a combination of the distance from the earth and the angle 
between the lines joining the vehicle to the center of the earth and to 
the center of the moon or  by a combination of the distance fromthe moon 
and the same angle. The errors in the position given by each combination 
are approximately equal at one-half the time required to reach the moon. 
The combination using the distance from the earth is the most accurate 
before this time, while the combination using the distance from the moon 
is the most accurate after this time. 
earth and the moon in which the errors in position will be so large that 
effectively the navigation system is not effective in this region. 

There will be a region between the 
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It was found that an error of 10 seconds of arc in the measurement 
of the included angle of the earth and of the moon caused an error in 
the position which was at least one order of magnitude greater than the 
errors in position caused by errors in the other quantities. It will be 
of no use to improve the accuracy of these quantities unless the error 
in the measurement of the included angle can be reduced to approximately 
1 second of arc. 
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Since it is assuaned that the line-of-sight from the vehicle to 
each of the stars will always be parallel to the line-of-sight from 
the origin of the s e t  of space axes to the star, there are certain 
angles which are not functions of the vehicle’s position but only of 
time. 
axes as the moon travels around the iearth. The angles which will be 
used are shown below. 

This variation with time results from the rotation of the space 

- 
The vectors S and z2 represent the line-of-sight t o  the stars 

from the vehicle. 
S2’ The angles Qz, q,? and A, are the angles between the z axes 

1 - 
The vector 55 is the vector product of s1 and - 

- - 
and If s1 and s2 are considered t o  be u n i t  

S2’ 3* and S1, 
vectors they may be written asr 

I s1 = (cos ct )i 4- (cos p,)j 4- (cos QZ 1 
and - 

S = (COS ct2)? + (COS p 2 ) 3  -t- (COS y2)k. 2 
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The vector product S i s  3 

where 

1 = cos p, cos 7 - cos P, cos y x3 2 

= cos a cos y - cos u cos y, y3 2 1 1 

1' = COS U COS p - CQS U2 COS p ,3 1 2 

The direction cosines of 3 are 3 

The direct ion cosines of the  z axis i n  the set of' body axes 

(x 'y 'z t )  may now be solved. The angle between any two l i n e s  is: 

cos @, = cos CG cos a, 4- cos p cos p, f cos y1 cos y 

cos qz = cos a 4- cos p2 cos p, 3- cos y 2  cos r z  

1 1 2 

cos u 2 z 

2 cos .AZ = cos a cos uz f COS p 

This set of equations may be rewritten in matrix form t o  give 

COS 9, 3- COS 7 COS 7 3 3 3 

cos "1 cos p cos Y1 

cos CL cos p2 cos y 2  

1 

2 

cos CL cos p cos 7 
c 3 3 3 
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The inverse of the first matrix on the right side is found and used to 
solve for cos a cos p and cos y . Denote this inverse matrix by 

Z' z z 

t"l] = 

so that 

-1 
1 'cos a cos p cos y 1 1 

cos a cos p cos Y2 

I 3 3 3 cos a cos p cos y 

2 2 

cos a 
Z 

cos p 
Z 

:Os y.z 

manner. 
The orientation of the x and z axes maybe found in a similar 

cos a 
X 

cos p 
X 

- 
cos a 

Y 

Y cos y 

cos (3 
X 

cos IJt 
X 

cos A 
X 

cos (3 
Y 

cos $ 
Y 

cos A x 



Page B -. 1 

APPEXDIX B 
DTST'ANCE OF W I C L E  FROM mE E%kTH AND THE MOON 

The distance between the  vehicle and the  ear th  o r  t he  moonis 
determined by the  known quant i t ies  % and % and by t he  measured 
quant i t ies  % and The folloying sketch i l l u s t r a t e s  t he  
geometry of %he problem: 

The distance % i s  

This may be rewri t ten as 
1 

The e r ro r s  i n  % and % are  



These p a d i a l  derivatives are ?ound using equations (B2) and are: 

( 2 $: "si: = 1-cos 



Page C - 1 

In  t h e  plane containing the  earth, t he  moon, and t h e  vehicle, 
these three  points form the  t r i ang le  shown below: 

V e h i c l e  

The first case which w i l l  be considered first i s  when the  measured 
quant i t ies  a re  and @. The angle QE is: 

The angle QM i s  found from t he  :Law of  sines t p  be: 

and 

s i n  9 
D s i n  QM = 

COS e = M 

Now 

and 

s i n  BE = s in  @ cos OM -I- cos @ s i n  OM 

cos 8 = s i n  Iz, sin (3 - cos @ cos e, ? c5) 

(c4) 

E M 

\?hen equations (C2)  and ( C 3 )  are  used, equations (d+) and (C5) become 

% sin @ cos Id 

E sin 8 
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3 imilarly , 
1 2 -  % sin pi cds @ 

D sin gM =Il-( % ;b ')12 sin @ + 

"he evduation of i is accomplished using the following figure: 

2 2 in BE - cos v 
cos i = % sin gE 

2 2 sin QE - cos v 1 
sin gE cos i = 

h 
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APPENDIX D 
DEVELOPMEXI' OF PARTIAL DERIVATIVES 

When the measured quantities are %, $5 and v, the equations 
for X, Y, and Z are: 

2-- 1 
dE2sin20 sin Izl 2 

X =  
D 

($2 0 s2 pr 2 - cos 
D2 

z = -% cos v 

The partial derivatives of X are 

2 % sin @ 

D - (cos = 2  54 1- 

1 ($ @ f j F +  d ~ ~ c o s  pr sin pi 
D2 X 

($ D sin @ 
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The partial derivatives of Y are 
1 

!E2 sin BE s i n  6 ’  

Y D  D 

1 

1 
%(cos2’% - sin2#)  

[- ( dx s i n  @)‘]‘ cos er - 
D - + 1- Y D 

1 

2 by % cos v s i n  v 

av” Y 

‘Re partial d.erivztives of Z are 

d 
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If the measured quantities are %, @ and A the equations for 
X9 Y and 2 are: 

z = - " cos A 

The partial derivatives of X are 

Y 

1 
2 
.- 

3 5; cos 95 sin 

D2 
+ % (sin g) + x 

%2 sin G cos @ 

g @ = 2  D 
1 --- 

1- (D12) 
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The partial derivatives of Y are 
1 -- 

1 

%2 cos A sin A - 
ah- Y 

% 

'?IF partial derivatives of Z are 
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